A new approach to infer the bathymetry from coastal video monitoring systems is presented. 1 The methodology uses Principal Component Analysis of the Hilbert transform of video images 2 to obtain the components of the wave propagation field and their corresponding frequency and 3 wavenumber. Incident and reflected constituents and subharmonics components are also found.
can be interpreted as a rewritten version of the information in Y using the EOFs as a basis in equation 116 (2). The covariance matrix of the data expressed in this new basis is
i.e., a diagonal matrix. The contribution of each PC q and the corresponding EOF q to the total signal is 118 quantified by the values of the diagonal matrix S·S T , which indeed represents the explained variance, 119 σ 2 q = (S·S T ). For complex-valued signals, the above results hold as long as transposed matrices are 120 substituted by conjugate-transposed matrices. In that case both EOF q and PC q become complex-valued 121 vectors, but σ 2 q remains real-valued.
T j being the wave periods) and ϕ j are the wave phase lags. The time-wise Hilbert transform is
and the corresponding space and time discretized matrix reads 127 X mn = J ∑ j=1 a j exp (−i (k j ·x m + ϕ j ) ) exp (i ω j t n ) .
For large time domains it is f m ∼ 0 and Y mn ∼ X mn . The J time-wise complex vectors, i.e., 128 exp (i ω j t n ) , tend to be orthonormal as also the space-wise vectors do, i.e. exp (−i (k j ·x m + ϕ j ) ) , and 129 the equation (5) is already the PCA decomposition of the signal into its monochromatic components 130 (with ω j and k j ). In this case, the explained variance for the q-th mode reads
Hence, each component of the wave field can be linked to a mode of the PCA. Moreover, the angle 132 of a given PC and EOF can be used to obtain the ω j and k j , respectively, of the corresponding wave 133 component since 
To represent more realistic sea state situations at the coast, where waves with different frequencies 141 and wavenumbers can coincide, the superposition of two wave trains has been considered. The free 142 surface elevation η (waves travelling rightwards) is
The amplitudes, a j (x) , are obtained from the amplitudes at x = 0, a 0 j , using fundamentals of linear 144 wave propagation theory [35] . The wavenumbers k j are related to the angular frequencies and the 145 water depth through the dispersion relationship 146 ω 2 j = gk j tanh (k j h) .
Three synthetic linear wave propagation cases are considered (Table 1) , including a case with only 147 one wave train (monochromatic), a case with two wave trains of different frequencies (bi-chromatic) 148 and a case with two wave trains of the same frequency but opposite propagation directions (reflective).
149
This allows to describe different features of the PCA. The discretization considers x m = m∆x and t n = 150 n∆t, with ∆x = 1 m, m = 1, . . . , M = 200 (so that x max = 200 m), ∆t = 0.25 s, and n = 1, . . . , N = 400 151 (so that t max = 100 s). Table 1 . Wave conditions in the seaward boundary for the 1D examples. For each wave train (two at most): T j is the period, a 0 j is the wave amplitude at x = 0 and dir j the direction of wave propagation (+, rightwards).
For the monochromatic case, the analysis of the signal yields one main mode that represents 99.5% 153 of the variance (Table 2) . For the bi-chromatic case, two main modes are obtained (corresponding to 154 the two components), with variances σ 2 1 = 87.6 % and σ 2 2 = 12.1 % (i.e., that account for the 99.7% of 155 the total variance). Finally, when two waves with the same period and moving in opposite directions 156 are superimposed (reflective case), only one mode that represents 99.7% of the variance is obtained out 157 of the PCA.
158
The angles of the PCs and EOFs of the three cases are represented in the top panels of Figures 1 159 and 3 respectively. In the monochromatic case, the slope of the angle α t of the PC, leaving aside 160 the jumps from π to −π, is approximately constant. The slope of the angle α x of the EOF is gentler 161 at x = 0 than at x = 200 m and acknowledges the dependence of the wavenumber on the water 162 depth. In the bi-chromatic case each mode corresponds to one of the superimposed waves: the 163 slope of α t is gentler for the second mode than for the first one, consistently with the fact that 164 ω 2 = 0.757 rad/s < 1.232 rad/s = ω 1 . In the reflective case, where there is only one mode, α t is similar 165 to the monochromatic case but now α x has a wavy behavior, resulting from the superposition of two 166 waves with the same frequency. The wave angular frequency (just frequency hereafter) at a certain time t 0 is to be determined by 169 fitting the angle of the PC in a vicinity of radius R t around t 0 , making use of equation (7a). However,
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to prevent the discontinuities in α t , the latter is first centered at t 0 , where complex conjugated values are denoted with an overline. Figure 2 illustrates howα t avoids the 172 discontinues for t 0 = 10 s and considering ∆t = 1 s and R t = 3 s. In a second step, beingt = t − t 0 ,α is 173 fitted through the expression 174α t ≈ p 0 + p 1t , so that the frequency at t 0 is estimated as ω = p 1 . This fitting method will be referred to as phase fitting. is plotted in red in Figure 1 . For the monochromatic and reflective cases ω ∼ ω 1 = 1.232 rad/s (Table   183 2, expressed as period), and for the bi-chromatic case the first mode gives ω ∼ ω 1 and the second 
Wavenumber: function fitting 194
If non-negligible reflection occurs, the EOF contains the information of both the incident and 195 reflected wave, i.e.
with the condition | k a | = | k b | = k. To obtain k and the rest of parameters involved, and following 197 the procedure described before for the frequency (section 2.2) but now including a normalization, we
so that EOF (x = x 0 ) = 1 (real), with x 0 being the point where the wavenumber is being estimated.
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The expression (10) is then
wherex = x − x 0 . The function (11) is therefore fitted to the normalized EOF, by optimization, in the 202 neighborhood of x = x 0 . The seven optimization parameters areÂ a ,Â b ,φ a ,φ b , | k a | = | k b | = k and 203 the two angles (directions) of the wavenumbers. The wavenumbers obtained with this method match 204 the analytical values in all three cases of the 1D example (not shown). This method to get k, that will 205 be referred to as function fitting, is computationally much more expensive than phase fitting (around 206 two orders of magnitude). produce spurious peaks, which are due to the difficulties in the optimization to obtain the parameters 217 in equation (10). This errors can be avoided by further increasing the computational time.
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To reduce the errors associated to the small oscillations observed for the phase fitting method will also allow to investigate the influence of t max and w t (time windowing). since linear wave theory assumes infinitesimal amplitudes, in this section the amplitudes of Table 3 264 are only to show the influence of the relative strength of the different wave trains in the WS case.
265
Knowing the wave conditions in the seaward boundary (Table 3) results is shown in Table 5 for the domain restricted to depths h 0.75 m (see also Figure 5 where 289 h = 0.75 m is highlighted). As occurred with ∆x in the frequency recovery, the influence of ∆t is minor 290 when computing k (only ∆t = 0.5 s is shown in Table 5 ).
291
Once ω and k are obtained from the only PCA mode of each monochromatic wave train, the again, the largest errors in h occur for the third mode, which corresponds to the smallest period (W3).
309
However, the bathymetry can be successfully retrieved from the first mode, with a relative error of 310 only 3 %. wave reflection is allowed to happen in FUNWAVE. Only two wave fields are considered in this 320 section: W1 (monochromatic) and WS (polychromatic). The influence of the wave height is analyzed 321 through three multiplying factors for the wave amplitudes in Table 7 . Results of the PCA obtained for nonlinear wave propagation of the monochromatic W1 case with different F factors. Next to the retrieved period, the corresponding wave field is indicated (when applicable). Figure 10 . Initial snapshots for synthetic nonlinear wave trains W1 and WS for F = 2.5. Spatial domain is 200 m × 300 m (in the alongshore and cross-shore directions, respectively) and pixel intensity is a linear function of the modelled free surface elevation.
W1 WS
smaller nonlinearities (i.e., wave amplitudes A 1 = 2.5 cm, A 2 = 1.5 cm and A 3 = 0.5 cm), and F = 2.5 324 (A 1 = 25.0 cm, A 2 = 15.0 cm and A 3 = 5.0 cm). Figure 10 shows snapshots of the wave fields. In the 325 forthcoming analysis, ∆t = 0.532 s, ∆x = 2.0 m, R t = 1.1 s and R x = 8 m.
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The computations for the first wave field case, W1, are presented to show how the nonlinear 327 nature of the waves is revealed in the PCA and the corresponding EOFs (Table 7 ). The first mode 328 for F = 2.5 corresponds to the wave field W1 (period T ≈ 7.95 s), the second one has half the period 329 and reflects the nonlinear transfer of the dominant wave field W1 into its first harmonic (of twice the 330 frequency of the main one). Further on this, the third EOF has a period which is 1/3 of that of the 331 dominant wave field. As wave amplitudes decrease, contributions to higher harmonics are reduced 332 and for F = 0.25 this nonlinear transfer is so small that only one EOF is obtained.
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For the polychromatic wave field, WS, the complete analysis is performed and the results obtained 334 using phase and function fitting are summarized in Table 8 . For F = 0.25, the three modes retrieve 335 the three wave fields W1, W2 and W3 (compare the periods in Table 8 with the ones in Table 3 ). For Figure 11 shows, for F = 1.0, how the first two modes correspond to the first two components of 339 the wave field (W1 and W2) while the third one seems to mix characteristics from a harmonic of W1 340 with W3 (given that T 1 /2 ≈ T 3 ). Figure 11 also includes the bathymetry obtained using phase fitting.
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Again, as in the linear case, the bathymetries retrieved by modes 2 and 3 have larger errors than that 342 corresponding to mode 1, and thereby only the first mode will be considered for windowing.
343
The results obtained by windowing the polychromatic case WS are shown in Table 9 . The three 344 multiplying factors F, two video lengths (t max = 90 s, as above, and t max = 150 s) and five different 345 values of w t are considered. The number of sub-videos, that is a function of t max and w t for given 346 ∆t, are included in Table 9 , are given for h 0.75 m. Here, "p" and " f " stand for phase and function fitting of the wavenumber. Next to the retrieved period, the corresponding wave field is indicated (when applicable).
introducing some spatial filtering. The results for R x = 0 have larger errors (∼ 50% higher, not shown).
348
Applying windowing method improves the results of phase fitting method (for certain optimal values 349 of w t ) and the obtained relative RMSE in h can remain below 15 % for the three values of F.
350
As an example, Figure 12 shows, for the three inversion methods, the relative errors, h , obtained 351 for F = 1.0, t max = 150 s (and using w t = 60 s for windowing , are given for h 0.75 m. Here, "p" and "f " stand for results using phase and function fitting for t max , respectively. The number of sub-videos are included in parentheses. for the relative errors h , ω and k , with
Discussion
Here, γ = ω 2 /gk. Figure 13 shows δ k and δ ω as functions of γ. This figure is similar to that by [11] 362 for δ k , but here including δ ω . For γ 0.8 (which is equivalent to kh 1.10 or ω 2 h/g 0.88), the applied without modifying any parameter and the Kalman filter is not used (since we consider only 428 one video). The results obtained both from cBathy and the new methodology ("uBathy") are shown in 429 Figure 15 , together with the ground truth bathymetry provided by the "CRAB" (the plot is doubled for 430 ease). In regions with observed wave breaking, where the dispersion relation is not applicable, the 431 errors increase with both methodologies. As shown in Table 10 , uBathy improves the results obtained 432 with cBathy. It not only recovers a higher amount of points (40 % more) but also provides smaller 433 average error (bias) and RMSE. This proves that the new proposed methodology is also valid to handle 434 the noisy wave conditions occurring in real beaches. The computational times to analyse the video 435 with "cBathy" and "uBathy" were of the same order of magnitude. 
